Observations are reported on thermoplastic elastomer (ethylene-octene copolymer) melt in small-amplitude shear oscillatory tests and start-up shear tests with various strain rates in the interval of temperatures between 120 and 210 • C. Based on the concept of heterogeneous non-affine polymer networks, constitutive equations are developed for the thermo-mechanical behavior of a melt at threedimensional deformations with finite strains. Adjustable parameters in the stressstrain relations are found by fitting the experimental data. The model is applied to the analysis of Poiseuille flow. The effects of temperature and pressure gradient on the steady velocity profile are studied numerically.
Introduction
This paper deals with the experimental investigation and constitutive modeling of the nonlinear thermo-viscoelastic response of thermoplastic-elastomer (TPE) melts at three-dimensional deformations with finite strains. Modeling the time-dependent behavior of polymer melts has been a focus of attention in the past three decades. Among constitutive equations for the viscoelastic and viscoplastic responses of polymer melts, it is worth mentioning (i) the Leonov model [1] , (ii) the Johnson-Segalman model [2] , (iii) the Phan Thien-Tanner model [3] , (iv) the Wagner model (a modification of the 2 Drozdov, Jensen, Christiansen / Adv. Appl. Math. Mech., 1 (2010), pp. K-BKZ constitutive equations) [4] , (v) the Giesekus model [5] , (vi) the finitely extensible nonlinear elastic (FENE) network model [6] , (vii) the pom-pom model [7] , (viii) the reptation model with incorporation of segmental stretching [8] , and (ix) molecular stress function model [9] , to mention a few.
The present study focuses on the nonlinear thermo-viscoelastic behavior of a thermoplastic elastomer (ethylene-octene random copolymer) melt in conventional (i) oscillatory shear tests with small amplitudes and (ii) start-up shear tests with constant strain rates at various temperatures. Rheology of ethylene-octene copolymer melts has attracted substantial attention in the past decade (see [10] - [19] ) for two reasons. First, these polymers with large concentrations of higher olefin comonomers (above 20 wt.-%) are widely used as rubber modifiers for thermoplastics [15] . Secondly, ethylene copolymers produced by metallocene catalysis have relatively low polydispersity and contain long chain branches that strongly affect their properties. In particular, (i) the zero-shear viscosity and (ii) the apparent flow activation energy of polyethylenes with long-chain branches noticeably exceed those of conventional polyethylenes with similar molecular weights.
There are two ways to model viscoelasticity of a polymer melt. According to the first (which goes back to [20, 21] ), the melt is treated as a transient network of strands, and its time-dependent response is associated with rearrangement of chains in the network (separation of active strands from temporary junctions and attachment of dangling chains to the network). According to the other approach [2, 3] , the melt is thought of as a permanent, but non-affine network of chains. The non-affinity means that junctions between chains slide with respect to their reference positions under deformation, and the deformation gradient for sliding (plastic flow) of junctions differs from that for macro-deformation. Following the latter concept, we treat a thermoplastic-elastomer melt as an incompressible, inhomogeneous, non-affine network of chains linked by junctions (entanglements and physical cross-links). Heterogeneity of the network is induced by local density fluctuations. To account for the inhomogeneity, a melt is thought of as an ensemble of meso-regions with various activation energies for sliding. Distribution of meso-regions is assumed to be independent of temperature and mechanical factors.
Stress-strain relations for a polymer melt and kinetic equations for sliding (plastic flow) of junctions are developed by using the laws of thermodynamics. The conventional method of derivation is grounded on the assumption that the plastic vorticity tensor vanishes. A novelty of our approach is that the constitutive equations are deduced without any hypothesis regarding this tensor.
An advantage of the constitutive model is that it involves a small number of adjustable parameters (5 for an isothermal loading and 8 for arbitrary non-isothermal deformations) with transparent physical meaning. These quantities are determined by fitting the experimental data in shear tests with small and large strains. Not more than 3 constants are found by approximation of observations in each test, which ensures that material parameters are determined with a high level of accuracy. Ability of the constitutive equations to describe the mechanical response of TPE melts is ex-3 amined by comparison of the model predictions with experimental data in additional start-up shear tests with relatively large strain rates.
The stress-strain relations are applied to study the Poiseuille flow of TPE melt in a channel. Analysis of the Poiseuille flow of viscoelastic fluids has attracted noticeable attention in the past two decades for this type of flow (i) allows constitutive models to be tested under a spatially inhomogeneous deformation program, and (ii) reveals a number of interesting phenomena (melt fracture, wall slip, secondary flows) whose modeling remains a subject of debate [23] [24] [25] [26] . Poiseuille flow has been investigated in [27] [28] [29] for polymer fluids described by simple differential models in nonlinear viscoelasticity, in [30] for the Wagner model, in [31, 32] for the Johnson-Segalman model, in [33] [34] [35] [36] for the Giesekus model, in [36, 37] for the Leonov model, in [38] for the PhanThien-Tanner model, in [39, 40] for the FENE model, in [41] [42] [43] [44] for viscoelastic-plastic fluids, and in [45] for viscoelastic fluids with pressure-dependent viscosity. We concentrate on combined effects of temperature and pressure gradient on steady velocity profile.
The objective of the present study is three-fold:
1. To report experimental data in oscillatory shear tests with small amplitudes and start-up shear tests with finite strains at various temperatures on ethylene-octene copolymer melt.
2. To derive constitutive equations in finite thermo-viscoelasticity of polymer melts and to find adjustable parameters in the stress-strain relations by fitting the observations.
3. To analyze the influence of temperature and pressure gradient on the velocity profile for Poiseuille flow of the TPE melt.
The exposition is organized as follows. Experimental data are presented in Section 2. Kinematic relations for an incompressible heterogeneous non-affine polymer network are derived in Section 3. Constitutive equations for a polymer melt are developed in Section 4 by using the laws of thermodynamics. The stress-strain relations are applied to the analysis of simple shear in Section 5. Adjustable parameters in the constitutive equations are found in Section 6 by fitting the experimental data. Ability of the model to predict observations in shear tests with large strain rates and to follow the Cox-Merz rule is examined in Section 7. The Poiseuille flow of TPE melt is studied in Section 8. Concluding remarks are formulated in Section 9.
Experimental procedure
Thermoplastic elastomer Engage 8101 (ethylene-octene copolymer with 31 wt.-% of comonomer) was supplied by DuPont-Dow Elastomers. Rheological tests were performed by using rheometric mechanical spectrometer Paar Physica MCR 500 in the cone-plate mode with a diameter of the disk 25 mm and 2 • probe.
Two series of experiments were conducted at the temperatures T=120, 130, 150, 170, 190, and 210 • C. The lowest temperature T=120 • C was chosen from the condition that torque in small-amplitude oscillatory tests did not exceed its critical value at the highest frequency. The highest temperature T=210 • C was chosen to ensure that no noticeable degradation of samples occurred during shear oscillatory tests with a duration of 25 min (pronounced degradation was observed in dynamic tests at
The first series involved small-amplitude shear oscillatory tests (in the frequencysweep mode) with an amplitude of 0.05 and angular frequencies ranging from 0.1 to 100 rad/s. In an oscillatory test, a sample was equilibrated at a required temperature, and the storage modulus G and loss modulus G were measured at various frequencies ω beginning from the largest one. Each test was conducted on a new sample. The experimental data are depicted in Figs. 1 and 2 in the form of the standard doublelogarithmic plots with log=log 10 .
The other series of experiments involved start-up shear tests with constant shear ratesk. At a given temperature, four tests were conducted with the strain ratesk=1, 2, 5, and 10 s −1 . Each tests was performed on a new specimen. The experimental data are presented in Figs. 3-8 , where the shear stress Σ is plotted versus shear k. We confined ourselves to the interval 0 ≤ k ≤ 10, as steady shear flow was established within this interval at all temperatures.
The following conclusion are drawn from Figs. 1-8:
1. Given a temperature T, the storage and loss moduli monotonically increase with frequency of oscillations.
2. Given an angular frequency ω, the storage and loss moduli decrease with temperature. The curves G (ω) measured at various temperatures are practically parallel to each other, whereas shape of the curves G (ω) changes, and the dependence G (ω) becomes steeper at elevated temperatures.
3. Given a temperature T, the shear stress Σ in start-up tests strongly grows with shear rate.
4. Given a shear ratek, the shear stress in start-up tests decreases pronouncedly with temperature.
5. When the temperature T exceeds 130 • C, the dependencies Σ(k) are monotonous at all strain rates under consideration. At the lowest temperature T=120 • C, stress overshoot is observed at relatively high shear rates.
Kinematics of a non-affine network
A thermoplastic-elastomer melt is modeled as an incompressible heterogeneous nonaffine polymer network, where junctions between chains slide with respect to their reference positions. The inhomogeneity of the network is induced by local density fluctuations. To account for this phenomenon, we treat the melt as an ensemble of meso-regions, where sliding (plastic flow) of junctions occurs with various rates. Each meso-region is characterized by some energy of inter-chain interactionū. The rate of Drozdov 
where T 0 stands for some reference temperature, and the pre-factor γ depends (in general) on absolute temperature T and mechanical factors. By introducing the dimensionless energy
we present Eq. (3.1) in the form
where an explicit dependence of γ on time reflects evolution of this quantity driven by deformation. Distribution of meso-regions with various energies is determined by (i) the number n(u) of chains (per unit volume) that belong to a meso-region with dimensionless energy u, and (ii) the entire number of chains per unit volume of the melt
The distribution function of chains belonging to meso-regions with various u is given by
The function f (u) and the number of chains per unit volume n 0 are assumed to be independent of deformation. Constitutive equations are derived for an arbitrary distribution function f (u). To fit experimental data, we adopt the random energy model [47] with
where the pre-factor f 0 is determined by the normalization condition. An advantage of Eq. (3.5) is that it involves the only material constant σ > 0. At time t ≥ 0, macro-deformation of the melt is characterized by the deformation gradient F(t), and sliding of junctions in a meso-region with energy u is described by the deformation gradient F s (t, u). The incompressibility condition implies that the third principal invariants of the tensors F(t) and F s (t, u) equal unity.
The velocity gradient for the sliding process l s (t, u) reads 
where stands for transpose. It follows from Eq. (3.7) that
The deformation gradient for elastic deformation F e (t, u) in a meso-region with energy u is determined by
Differentiating Eq. (3.9) with respect to time, applying Eqs. (3.6) and (3.9), and keeping in mind the formula
for the velocity gradient for macro-deformation, we find that
where
The rate-of-strain tensors for macro-deformation, D, and elastic deformation, D e , read
It follows from Eqs. (3.12) and (3.13) that
The left, B e , and right, C e , Cauchy-Green tensors for elastic deformation are given by 
The first principal invariant of the tensor C e is given by
where I is the unit tensor, and the colon stands for convolution. Differentiating Eq. (3.21) with respect to time, using Eq. (3.20) , and bearing in mind that the tensors D and d s are traceless, we find that
where the prime stands for the deviator of a tensor.
Constitutive equations
The strain energy of a polymer chain at time t in a meso-region with dimensionless energy u is determined by the classical formula for a neo-Hookean medium
whereμ stands for rigidity. The strain energy density per unit volume of a network W(t) equals the sum of strain energies of chains belonging to meso-regions with various energies u,
Combination of Eqs. (4.1) and (4.2) results in
where we introduced the notation µ =μn 0 . Differentiating Eq. (4.3) with respect to time and using Eq. (3.22), we obtain At isothermal deformation of an incompressible medium, the Clausius-Duhem inequality reads
where Q stands for internal dissipation per unit volume and unit time, and Σ is the Cauchy stress tensor. Substitution of expression (4.4) into Eq. (4.5) implies that
Inequality (4.6) is satisfied for an arbitrary deformation program, provided that the stress tensor is given by
where p(t) is an unknown pressure, and the rate-of strain tensor d s obeys the kinetic equation 
It follows from Eqs. (3.16), (3.19) and (4.9) that
The initial condition for Eq. (4.10)
means that elastic strains vanish in the reference state.
To complete description of the constitutive model, a dependence of the rate γ should be established on temperature T and intensity of elastic deformations. We postulate that γ =γ(T)ψ(B e ), (4.12) whereγ and ψ are given functions, and adopt the Arrhenius dependence ofγ on temperatureγ
where γ 0 is a constant pre-factor, E a stands for an apparent activation energy, and R denotes the universal gas constant. The effect of deformation of the rate of sliding is described by the formula
where a and g are positive dimensionless constants, and J e2 stands for the second principal invariant of the tensor B e . Eq. (4.14) implies that the function ψ equals unity at infinitesimal deformations, decreases monotonically with deformation, and reaches its ultimate value 1 − a at large strains. Formulas (3.2), (3.5), (4.7), and (4.10)-(4.14) provide stress-strain relations for a polymer melt. Given a temperature T, the constitutive equations involve 5 material parameters:
1. the modulus µ characterizes elastic properties of the melt, 2. the rateγ describes viscoplastic flow of junctions at small strains, 3. σ reflects local heterogeneity of the polymer network, 4. a and g account for the effect of strain on flow of junctions.
To describe the effect of temperature on the mechanical response, it is postulated that in the interval of temperatures under consideration, i.e. above the melting temperature T m and below the temperature T d at which noticeable degradation of TPE melt occurs:
1. The dimensionless parameters a and σ are independent of temperature. 2. The elastic modulus µ linearly grows with temperature
where µ 0 and µ 1 are positive coefficients. Eq. (4.15) is in accord with the statistical theory of rubber elasticity that presumes the strain energy of a polymer chain, and, as a consequence, its elastic modulus, to be proportional to temperature. 3. The dimensionless parameter g linearly increases with temperature,
where g 0 and g 1 are constants.
The set of governing equations for an arbitrary non-isothermal deformation of a polymer melt involves 8 material constants a, E a , g 0 ,
The stress-strain relations (4.7) and (4.10)-(4.14) belong to a class of multi-mode Leonov models. The following issues distinguish these equations from the Leonov model [1] and its previous modifications:
1. Within conventional multi-mode models, the relaxation spectrum of a melt is described by means of a set of characteristic relaxation times and appropriate elastic moduli. A shortcoming of that approach is that it (i) requires a large number of adjustable parameters to be determined simultaneously by fitting observations in smallamplitude oscillatory tests, and (ii) leads to unphysical oscillations when the steady extensional viscosity is calculated as a function of elongation rate [48] . In the present model, the relaxation spectrum is determined by two adjustable parameters, γ 0 and σ, which ensures that these quantities are found with a high level of accuracy by matching observations.
2. The constitutive equations do not presume separation of the effects of temperature and material nonlinearity of the mechanical response, since Eqs. (4.10), (4.12) and (4.16) account for an increase in parameter g with temperature. The latter means that the influence of nonlinearity on the time-dependent behavior of TPE melt becomes more pronounced with growth of temperature.
3. In contradiction with traditional models, Eq. (4.14) implies that the rate of sliding of junctions decreases with elastic strains. This hypothesis is confirmed in Section 6 by comparison of results of numerical simulation with experimental data. This "anomalous" behavior of ethylene-octene copolymer melt (slowing down of the viscoplastic flow of junctions with deformation) may be attributed to interaction between long branched chains and formation of temporary physical cross-links with relatively short life-times.
Simple shear
Macro-deformation at simple shear of an incompressible medium is described by the equations 
The last two equations in Eqs. (5.7) read 
Eqs. (5.9)-(5.11) with the initial conditions 12) determine evolution of the functions p m and φ with time. In accord with Eqs. (3.2), (4.12), (4.14), and (5.6), the coefficient Γ reads
Insertion of Eq. (5.5) into Eq. (4.7) results in the formula for shear stress
Eqs. (3.5) and (5.9)-(5.14) describe simple shear of a melt for an arbitrary deformation program k(t).
Shear oscillations with a small amplitude
To examine the linear viscoelastic response of TPE melt, we suppose that |k| 1 and present the functions φ and p m in the form Substituting Eq. (5.15) into Eq. (5.14) and neglecting terms beyond the first order of smallness, we find that 
Introducing the notation
where G and G stand for storage and loss moduli, we find from Eq. (5.25) that 
Steady shear flow with a constant strain rate
We proceed with the study of simple shear with a constant strain rate and determine the steady shear viscosity η as a function of shear ratek. Assuming the functions p m (t) (m = 1, 2, 
The steady shear viscosity is defined as
Substituting Eq. (5.37) into this equation and using Eq. (5.35), we arrive at 
Fitting of observations
Adjustable parameters in the constitutive equations are found by fitting the experimental data reported in Section 2 with the help of the following algorithm.
Small-amplitude shear oscillatory tests
Each set of data depicted in Figs. 1 and 2 (for the shear modulus G (ω) and the loss modulus G (ω) at a given temperature T) is matched separately.
To determine the best-fit parameters µ,γ and σ, we begin with approximation of the experimental data at the temperature T=130 • C. We fix some intervals [0, γ max ] and [0, σ max ], where the quantitiesγ and σ are assumed to be located, and divide these intervals into J=10 subintervals by the points γ (i) =i∆γ and σ (j) =j∆σ (i, j = 1, . . . , J − 1) with ∆γ=γ max /J and ∆σ=σ max /J. For each pair {γ (i) , σ (j) }, the integrals in Eq. (5.27) are evaluated numerically by the Simpson method with N=400 points and the step ∆v=3.5 · 10 −2 . The modulus µ is found by the least-squares technique from the condition of minimum of the function
where the sum is calculated over all frequencies ω m at which the experimental data are reported, G exp and G exp are the dynamic moduli measured in a test, and G num and G num are given by Eq. (5.27). After finding the best-fit values γ (i) and σ (j) , this procedure is repeated twice for the new intervals [γ (i−1) , γ (i+1) ] and [σ (j−1) , σ (j+1) ], to ensure an acceptable accuracy of fitting.
When the best-fit value of σ is found (it is reported in Table 1 ), we fix this parameter and approximate observations at other temperatures by means of the above algorithm with two adjustable constants, µ andγ, only. Figs. 1 and 2 demonstrate excellent agreement between the experimental data and the results of numerical simulation.
After determination of modulus µ at each temperature T separately, the dependence µ(T) is plotted in Fig. 9 . The experimental data are matched by Eq. (4.15), where the coefficients µ 0 and µ 1 are found by the least-squares technique (these parameters are collected in Table 1 ). Fig. 9 shows that Eq. (4.15) correctly approximates the observations. The modulus µ linearly increases with temperature, and its values belong to the interval between 0.4 and 0.5 MPa at all temperatures under consideration. This interval is close to the interval between 0.42 and 0.72 MPa which was calculated for the ultimate elastic modulus of an ethylene-octene copolymer with a similar molecular weight (at T = 190 • C) based on various approaches to the assessment of elastic moduli [16] .
The dependence ofγ on temperature T is depicted in Fig. 10 . The data are fitted by Eq. (4.13), which is presented in the form 
Start-up shear tests with large strains
We now fit observations in start-up shear tests with various strain ratesk reported in Figs. 3-8 . First, we match the experimental data in shear test with the maximum strain ratek=10 s −1 at T=130 • C by using the parameters µ,γ and σ found in the approximation of observations in small-amplitude oscillatory tests. To determine a and g, we fix some intervals [0, a max ] and [0, g max ], where these quantities are assumed to be located, and divide these intervals into J=10 subintervals by the points
= i∆a, and g where the sum is calculated over all instants t m at which the experimental data are reported, Σ exp is the shear stress measured in a test, and Σ num is given by Eq. (5.14).
After finding the best-fit values a (i) and g (j) , this procedure is repeated twice for the new intervals [a (i−1) , a (i+1) ] and [g (j−1) , g (j+1) ], to ensure an acceptable accuracy of fitting. Afterwards, we fix the best-fit value of a (it is given in Table 1 ) and repeat the above procedure of matching observations (in transient shear tests with the strain ratek=10 s −1 ) at other temperatures with the only adjustable parameter g.
The dependence of g on temperature T is depicted in Fig. 9 . The experimental data are approximated by Eq. (4.16), where the coefficients g 0 and g 1 are found by the least-squares technique (these parameters are collected in Table 1 ). Fig. 9 shows that phenomenological Eq. (4.16) correctly describes the observations. When all material parameters are found, numerical simulation of Eqs. (5.9)-(5.11) and (5.14) is performed for all temperatures T and strain ratesk under consideration. The results of numerical analysis are depicted in Figs. 3-8 , which reveal good agreement between the experimental data and predictions of the model.
Validation of the model
To validate the constitutive equations, we examine their ability (i) to predict the mechanical response in start-up shear tests with relatively high strain ratesk, and (ii) to describe the steady shear viscosity η as a function of strain ratek. In the latter case, results of numerical simulation are compared with predictions based on the Cox-Merz rule [49] . 
Start-up shear tests
To check accuracy of predictions of the shear stress Σ in transient tests with large shear ratesk based on constitutive equations (3.5) and (5.9)-(5.14), two additional series of experiments were conducted. The first series involved three start-up shear tests with the strain ratesk=40, 50 and 60 s −1 at the temperature T=150 • C. The other series consisted of four shear tests with the strain ratek=50 s −1 at the temperatures T=150, 170, 190, and 210 • C. The experimental dependencies of the shear stress Σ on shear k are plotted in Figs. 11 and 12 . It is worth noting that the interval of shear k in these figures substantially exceeds that in Figs. 3-8 .
Afterwards, numerical simulation is performed of Eqs. (3.5) and (5.9)-(5.14) with the experimental constants listed in Table 1 . The results of numerical analysis are also depicted in Figs. 11 and 12. These figures demonstrate good agreement between the observations and the results of simulation, which confirms that the constitutive model adequately predicts the mechanical response of TPE melt.
The Cox-Merz rule
The Cox-Merz rule states that the dependence of the complex viscosity
on frequency ω in oscillatory shear tests with small amplitudes practically coincides with the dependence of the steady shear viscosity η on shear ratek in shear tests with large strains, when ω andk are measured in rad/s and s −1 , respectively. Although this assertion has no rigorous proof, it is fulfilled for a number of polymer melts with a high level of accuracy. To evaluate applicability of the Cox-Merz rule to TPE melt, we calculate the dependence η * (ω) by means of Eq. (7.1) and the experimental data for G and G depicted in Figs. 1 and 2 . Observations at the temperatures T=120, 150 and 190 • C are presented in Fig. 13 .
Afterwards, the dependence of steady shear viscosity η on shear ratek is determined numerically with the help of Eqs. Fig. 13 which reveals that for all temperatures and frequencies (shear rates) under consideration, the response of TPE melt follows the Cox-Merz rule. At T=150 and 190 • C, the steady shear viscosity η practically coincides with the dynamic viscosity η * , whereas at the lowest temperature T=120 • C, rather small deviations are observed between them.
Poiseuille flow in a channel
The constitutive model is now applied to investigate the Poiseuille flow of TPE melt in a channel with rectangular cross-section under a pressure gradient ∆P depending on time t only. We concentrate on the classical statement of the problem and disregard wall slip and flow instabilities.
The choice of the Poiseuille flow for the analysis is explained by two reasons: (i) this is the only spatially inhomogeneous motion, for which exact solutions of nonlinear constitutive equations may be developed and examined by comparison with observations of extensional viscosity [49] , and (ii) explicit solutions for the Poiseuille flow of viscoelastic and viscoplastic fluids are widely used in biomedical engineering (arterial blood flow [50] ) and microfluidics [51] .
In a conventional microfluidic devise, when a polymer liquid moves through a micro-or nano-sized channel with rough walls (surface roughness is comparable with a characteristic width of the channel) under the action of a relatively high pressure gradient, slippage occurs at the walls that results in friction-driven dissipation of energy, part of which causes a noticeable growth of temperature [52, 53] . The increase in temperature of the liquid affects its mechanical behavior, in particular, the velocity profile, and, as a consequence, leads to changes in appropriate boundary conditions [54] . In general, a coupled thermo-mechanical problem of viscoelastic flow in a channel with nonlinear stick-slip conditions at the walls [55, 56] should be considered, which is overly complicated to expect an analytical solution to be developed. Results of numerical simulation of this problem [57, 58] are, however, rather limited because the number of material parameters is too large in order to assess the influence of various factors, on the one hand, and the physics of surface interactions is not fully understood, on the other [59] . It seems natural, as a first approximation, to decouple the entire problem and to study slippage-induced heating of a polymer fluid (with simplified motion equations) and Poiseuille flow of a viscoelastic fluid at various temperatures (with simplified boundary conditions at the walls) separately. Heat transfer in a flow of viscous fluid in a channel with rough walls has recently been investigated in [58] . Our aim is to evaluate the effects of temperature and material nonlinearities on the velocity profile for the Poiseuille flow of a TPE melt when slippage along the walls is disregarded. To the best of our knowledge, the influence of these factors on flow of polymer melts has not yet been analyzed.
The channel occupies the infinite domain where v(t, x 2 ) is a function to be found. This function obeys the no-slip boundary conditions at the walls x 2 = 0 and x 2 = 2L,
For a discussion of more realistic boundary conditions induced by wall slip, see [55, 56, [59] [60] [61] . Assuming the flow to be symmetric with respect to the plane
Constitutive equations
As flow of TPE melt is studied in the reference coordinate frame, some modifications of the stress-strain relations are to be performed. First, we re-write Eq. (4.7) in the form Σ = −pI + T, (8.5) where p denotes pressure, and (8.6) stands for the traceless extra-stress tensor. Secondly, we replace the partial derivative with respect to time in Eq. (4.10) with the substantial derivative (8.14) where 
Governing equations

Steady-state flow of a melt
We focus on a steady-state solution of the governing equations with a constant pressure gradient ∆P, when the dependence of unknown functions on time is disregarded. It follows from Eq. (8.19) that 
Keeping in mind the last boundary condition (8.3) and Eqs. (8.23) and (8.24), we obtain To reduce the number of parameters that describe the Poiseuille flow, on the one hand, and to preserve the structure of governing equations, on the other, we introduce the variables
In 
The steady-state velocity v * is given by strate that the dependencies V(x 2 * ) are close to linear (the latter correspond to the classical solution) at ∆P * =20 kPa, and they become substantially nonlinear with an increase in ∆P * . The velocity gradient V strongly grows with ∆P * , in particular, at relatively small values of x 2 * , that is near the wall x 2 =0.
Numerical simulation
According to Figs. 15 and 17 , shape of the curves v * (x 2 * ) is parabolic at the smallest value of ∆P * . When ∆P * increases, the curves v * (x 2 * ) deviate from this pattern, and a pronounced growth of the maximum velocity is observed. This growth is in accord with the results of molecular-dynamics simulations reported in [62] . Comparison of Figs. 15 and 17 shows a strong increase of the steady velocity with temperature.
To evaluate this growth, numerical simulation is performed of Eqs. (8.21)-(8.23), (8.26) , and (8.27) for ∆P * =100 kPa at all temperatures T under consideration. The results are presented in Fig. 18 , where the steady velocity v * is plotted versus dimensionless coordinate x 2 * . This figure shows that the maximum velocity increases by a factor of 8, when temperature T grows from 120 to 210 • C.
Concluding remarks
Two series of rheological tests (small-amplitude oscillatory tests in the frequencysweep mode and start-up shear tests with various strain rates) have been performed on a thermoplastic-elastomer melt at various temperatures T ranging from 120 • C to 210 • C.
Constitutive equations are developed for the mechanical response of a melt at arbitrary three-dimensional deformations with finite strains. The melt is treated as an incompressible, inhomogeneous, non-affine network of chains, where junctions between chains (physical cross-links and entanglements) slide with respect to their reference positions. The stress-strain relations are derived by using the laws of thermodynamics. For an isothermal deformation, these equations involve 5 adjustable parameters. The number of material constants increases up to 8 for non-isothermal deformation programs.
Material constants are found by fitting the experimental data. It is demonstrated that the constitutive equations adequately describe the observations, and the adjustable parameters change consistently with temperature. To validate the model, two additional series of rheological tests have been performed. An acceptable agreement is revealed between experimental data in these tests and predictions of the model. It is shown that the results of numerical analysis obey the Cox-Merz rule with a high level of accuracy.
As an application, Poiseuille flow of TPE melt in a channel is analyzed. A set of nonlinear differential-algebraic equations is developed for the steady flow velocity. These equations are solved numerically with the material parameters found by matching the observations. It is demonstrated that the steady velocity is strongly affected by temperature and pressure gradient. The velocity profile is parabolic at small pressure gradients (which is typical of the classical solution), and it strongly deviates from the parabolic law with growth of pressure gradient. An increase in temperature (in the range of temperatures under consideration) leads to the growth of maximum velocity by several times.
